The motivic Mahowald invariant was introduced in [27] and [28] to study periodicity in the C-and R-motivic stable stems. In this paper, we define the motivic Mahowald invariant over any field F of characteristic not two and use it to study periodicity in the F -motivic stable stems. In particular, we construct lifts of some of Adams' classical v 1 -periodic families [2] and identify them as the motivic Mahowald invariants of powers of 2 + ρη.
Introduction
The Mahowald invariant
is a construction for producing nontrivial classes in the stable homotopy groups of spheres from classes in lower stable stems. The chromatic filtration organizes the stable stems into v n -periodic families [30] . These v n -families are completely understood when n ≤ 1 and fairly well-understood when n ≤ 2, but they are much more mysterious for larger n. Computations of Sadofsky [33] , Mahowald and Ravenel [23] , Bruner [7] , Behrens [5] [6] , and the author [29] suggest that the Mahowald invariant of a v n -periodic class is often v n+1 -periodic. Therefore the Mahowald invariant gives a (conjectural) means of studying mysterious v n -periodic families, n ≥ 1, by relating them to less mysterious v n−1 -periodic families. The motivating example of this phenomenon comes from the pioneering work of Mahowald and Ravenel [23] . Adams constructed v 1 -periodic elements {v 4i 1 η j , v 4i 1 8σ : 1 ≤ j ≤ 3, i ≥ 0} in [2] . These can be constructed using the non-nilpotent v 1 -self-map on the mod two Moore spectrum, iterated Toda brackets, and connective real K-theory. We review their definition in Section 3, but for now we emphasize that their nontriviality depended on geometric input related to connective real K-theory. Mahowald and Ravenel gave another construction of these v 1 -periodic elements using the Mahowald invariant. More precisely, they showed that for all i ≥ 0, Although this computation also uses connective real K-theory, we regard this as an independent construction of Adams' v 1 -periodic families since it does not appeal to the existence of a nonnilpotent v 1 -self-map on the mod two Moore spectrum.
Periodic phenomena in the motivic stable stems is not well-understood over any base field. Work of Levine allows one to lift classical v n -periodic families into the C-motivic stable stems. However, subsequent work of Andrews [3] , Gheorghe [11] , and Krause [20] shows that in addition to these v n -periodic lifts, there exist "exotic periodic families" in the C-motivic stable stems. For example, Andrews constructed exotic w 1 -periodic families of elements analogous to Adams' v 1 -periodic families mentioned above. We refer the reader to [19, for an extensive discussion of the R-and C-motivic stable stems.
The C-motivic Mahowald invariant
was introduced in [27] to study these families over Spec(C). In particular, it was shown that In [28] , R-motivic lifts of these v 1 -and w 1 -periodic elements were constructed and identified as R-motivic Mahowald invariants. The goal of this paper is to obtain analogous computations over general base fields of characteristic not two. Very little is known about periodicity in the motivic stable stems over a general base field F is of characteristic not two. Work of Morel [24] shows that π [32] , and they showed that there is a short exact sequence of Nisnevich sheaves
n+1,n f 0 (KQ) where K M is Milnor K-theory and f 0 (KQ) is the effective cover of Hermitian K-theory. Other infinite computations have been done after inverting the Hopf map η ∈ π [31] , and Wilson [34] . We refer the reader to [19, Sec. 6 ] for a survey of other computations over general base fields.
Our first main theorem proves that many of Adams' v 1 -periodic families can be lifted to the F -motivic stable stems, where F is an arbitrary field of characteristic not two. The first part of the theorem applies in the case char(F ) > 2. Recall that over C, one has v 1 -periodic families of the form {v
1 8σ} i≥0 which can be constructed as iterated Toda brackets using [27] . Moreover, the Betti realization [25] of these classes recovers Adams' classical elements [2] with the same names. Let g : F → F be the inclusion of F into its algebraic closure and note that π [36] .
Perioidicity is more subtle in characteristic zero. Although one has motivic analogs of the classical periodicity operators and v 4 1 -periodic families over C [27, Sec. 5], some of these are not well-defined over R or Q. Example 1.1. The following three phenomena occur working over R but not over C.
(1) The class 16σ ∈ π R 7,4 (S 0,0 ) is nonzero [8, Fig. 3 ]. In particular, the Toda bracket v 4 1 (−) = σ, 16, α cannot be defined.
(2) Recall from [27, Thm. 5.12] 
. As a consequence of the previous fact, one can show that 8σ
). This suggests that the F -motivic Mahowald invariant "detects" differences in the order of (2 + ρη)-torsion in the image of a conjectural F -motivic J-homomorphism. [8, Lem. 5.7] . In particular, the class detecting v 4 1 η in the C-motivic Adams spectral sequence is zero in the E 2 -page of the R-motivic Adams spectral sequence.
Despite these obstructions to defining v 1 -periodic families in characteristic zero, we are able to construct two nontrivial infinite families. Let g : F → F be the inclusion of F into its algebraic closure.
Note that since τ η 4 = 0 in πF * * (S 0,0 ), these classes cannot be seen using Wilson's η-local computations over the rationals [34] . Therefore the theorem provides two new infinite families in the F -motivic stable stems for any field F of characteristic zero.
In this work, we extend the definition of the motivic Mahowald invariant over any field F of characteristic not two. Let M F (α) denote the F -motivic Mahowald invariant of a class α in the F -motivic stable stems. In [27] and [28] , we showed that the infinite families above are realized as the C-motivic Mahowald invariants of 2 i , i ≥ 1, and the R-motivic Mahowald invariants of (2 + ρη) i , i ≡ 2, 3 mod 4. Our second main theorem is that this is true over any field of characteristic not two.
Theorem (Theorem 4.6). Suppose that char(F ) > 2. Then the F -motivic Mahowald invariant of (2 + ρη) i is given by
Suppose that char(F ) = 0. Then the F -motivic Mahowald invariant of (2 + ρη) i is given by
1.1. Outline. In Section 2, we recall results from forthcoming work of Gepner-Heller [10] and Gregersen-Heller-Kylling-Rognes-Østvaer [13] . In particular, we discuss equivariant motivic homotopy theory, a motivic analog of Lin's Theorem, and the compatibility of both of these with base-change. We then extend the definition of the motivic Mahowald invariant to base fields F of characteristic not two. We also prove the main technical lemma which is used in Section 4 to infer F -motivic Mahowald invariants from our computations over F q and Q (from Section 3), and C (from [27] ).
In Section 3, we discuss v 1 -periodicity over algebraically closed fields. We then define v 1 -periodic families over F q (q an odd prime), Q ν (ν any prime), and Q. Our primary tool is the ρ-Bockstein spectral sequence introduced by Hill in [17] . We also prove that the map (2 + ρη) 4 is null on certain stunted motivic lens spectra using the Atiyah-Hirzebruch spectral sequence and base-change.
In Section 4, we use our computations from Section 3.2 to compute M Fq (2 i ), i ≥ 1, and we use our computations from Section 3.4 to compute M Q ((2 + ρη) i ) for i ≡ 2, 3 mod 4. In both cases, we follow the proof from [28, Sec. 6] which is modified from the proof of [23, Thm. 2.17] . We then use the key comparison lemma from Section 2 to compute the motivic Mahowald invariants of (2 + ρη) i over any field F of characteristic not two. The key point is F fits into a sequence of field extensions
The motivic Mahowald invariants of (2 + ρη) i agree over F q , Q, and F in the congruence classes of i where we can calculate them, so by compatibility with base-change, they must agree over F as well.
1.2. Notation. We employ the following notation and conventions throughout:
(1) k, F , and L are fields of characteristic not two.
(2) F q is the finite field with q elements, where q is an odd prime. is the mod two motivic cohomology of a point over k.
denotes the cohomology of the k-motivic Steenrod algebra in stem s, Adams filtration f , and motivic weight w.
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Motivic Lin's Theorem and the motivic Mahowald invariant revisited
In this section, let f : k → F be a field extension and let f * : SH(k) → SH(F ) be the corresponding base-change functor.
2.1. Motivic Lin's Theorem revisited. We begin by defining geometric universal spaces and geometric classifying spaces following [10] . Let P(Sm G k ) be the category of motivic G-spaces over Spec(k) [10] .
When F is the family of proper subgroups of G, we will use the notation E gm G := E gm F . In this case, we define
Geometric universal spaces are preserved under base-change by [10, Prop. 3.8] and satisfy motivic analogs of many useful properties of universal spaces in classical homotopy theory.
where γ is the tautological line bundle over B gm C 2 . Define
The key property of this construction is the following, which was proven by Gregersen over fields of characteristic zero with finite virtual cohomological dimension, and by Gregersen-Heller-KyllingRognes-Østvaer over fields of characteristic not two. 
induces a π * * -isomorphism after (2, η)-completion.
We will use this in the next section to define the k-motivic Mahowald invariant. We conclude this section by recording a useful property of stunted motivic lens spectra.
The motivic Mahowald invariant revisited.
Using the results of the previous section, we can extend the definition of the motivic Mahowald invariant from [27, Sec. 2] to general base fields.
as follows. Consider the coset of completions of the following diagram
where N > 0 is minimal so that the left-hand composition is nontrivial. If the composition of the dashed arrow with the projection onto the higher dimensional sphere is nontrivial, we define the kmotivic Mahowald invariant M k (α) to be the coset of completions composed with the projection onto the higher dimensional sphere. Otherwise, the composition of the dashed arrow with the projection onto the higher dimensional sphere is trivial and we define the motivic Mahowald invariant M k (α) to be the coset of completions composed with the projection onto the lower dimensional sphere. We illustrate this convention in the examples later in this section.
Recall that the "Squeeze Lemmas" from [28, Sec. 4] were used to compute generalized Mahowald invariants by comparing them under functors such as equivariant Betti realization and geometric fixed points. Since L ∞ −N is preserved by base-change, we obtain the following comparison lemma which will be essential in the last section.
Proof. The proof is similar to the proof of [28, Lem. 4.12] . Suppose that the F -motivic Mahowald invariant M F (α) is defined by the commutative diagram
so in particular N > 0 is minimal so that the left-hand composite is nontrivial. Then the left-hand composite in the commutative diagram
must also be nontrivial since the first commutative diagram can be obtained from this one by applying f * . Since there may be some N ′ < N such that the left-hand composite is nontrivial, we only obtain an inequality as in the statement of the lemma. However, if
by definition, which proves the last claim.
Applying the previous lemma to the a composite of base-change functors gives the following.
v 1 -periodic families over prime fields
Over Spec(C), one can construct v 1 -periodic families via iterated Toda brackets following [27] . We begin this section by constructing analogous families over any algebraically closed field using a result of Wilson-Østvaer [36] . We then construct lifts of these infinite families in π F * * (S 0,0 ) where F = F q (q an odd prime), F = Q ν (ν any prime), and F = Q. That is, we construct families which base-change to the v 1 -periodic families in the algebraic closure. We also study the F -motivic homotopy of certain stunted motivic lens spectra.
3.1. v 1 -periodicity over algebraically closed fields. In this section, we define some infinite families over the algebraically closed fields. We begin by recalling the analogous families from the classical and C-motivic settings.
In the classical setting, Adams constructed infinite families {v
where S 0 /2 is the mod two Moore spectrum, η j :
to the top cell of S 0 /2, and v
. These classes are detected by the classes
in the Adams spectral sequence, where
, − iterated i-times. We discussed C-motivic lifts of these infinite families in [27] . In particular, one can define P (−) := h 3 , h 4 0 , − in the C-motivic Adams spectral sequence and define infinite families {v
All of these classes are nontrivial since they are permanent cycles (for degree reasons) and their Betti realizations are Adams' classical families.
We can construct analogs of these classes over arbitrary algebraically closed fields of characteristic not two using the following theorem of Wilson and Wilson-Østvaer: Our primary goal in the remainder of this section is to construct lifts of these to prime fields.
3.2.
Computations over finite fields of prime order. We start by constructing some infinite families in π Fq * * (S 0,0 ) using the ρ-Bockstein spectral sequence [17] and base-change along F q → F q . We then study the F q -motivic homotopy of a certain stunted lens spectrum. The computations in this section serve as a warm-up for the analogous computations over Q ν (ν any prime) in Section 3.3 and 3.4. They will also be used in Section 4.1.
We note that the ρ-Bockstein spectral sequence converging to π Fq * * (kq) was studied by Kylling [21] and the ρ-Bockstein spectral sequence for π Fq * * (S 0,0 ) was studied by Wilson [35] and Wilson-Østvaer [36] . We refer the reader to their work, as well as [17] and [15] , for further applications of the ρ-Bockstein spectral sequence. 
In particular, there is an injective map
for any field F of characteristic not two. (1) For all i ≥ 0, the classes
, and P i h Fq * * (S 0,0 ). Since base-change induces a map of Adams spectral sequences and the classes with the same name in the F q -motivic Adams spectral sequence are nonzero, it follows from Part (2) that the classes we are interested in detect nonzero classes in the F q -motivic Adams spectral sequence. 
Proof.
(1) We provide the proof for P i h 1 ; the other cases are similar. The case i = 0 and i = 1 follows from [9] . In general, we have M W (P i h 1 ) = 4i, stem(P i h 1 ) = 8i + 1, and f ilt(P i h 1 ) = 4i + Remark 3.10. We will freely use the computation of π Fq * * (S 0,0 ) in low dimensions in the following proof. More precisely, we need to know π Fq −2k∓ǫ,−k∓ǫ for all −3 ≤ k ≤ 3 and ǫ ∈ {0, 1}. There are no Adams differentials in the tridegrees of the F q -motivic Adams spectral sequence computing these groups [36, . With this in mind, these groups can be obtained as follows:
(1) When q ≡ 1 mod 4, the relevant motivic homotopy groups satisfy π In addition to the classes α which base-change to zero in π Fq * * (S 0,0 ), we may omit classes which appeared in the proof of [28, Prop. 7 .11] since the attaching map structure of X is independent of the base-field.
When q ≡ 1 mod 4, the classes
lie in the correct bidegrees of π 
3.3.
Computations over the ν-adic rationals. We now make the analogous computations over Q ν . The computations of this section serve as input for Section 3.4.
The mod two Milnor K-theory of Q ν is given below; see [34, Pg. 10] for details.
Lemma 3.11. The following statements hold over Q ν for ν ≡ 1 mod 4:
, and P i h Proof. This follows from the same argument as Lemma 3.5; the key point is that adjoining one more power of u does not carry us out of the isomorphism range in [27, Prop. 5.4].
Lemma 3.12. The following statements hold over Q ν where ν = 2 or ν ≡ 3 mod 4:
, and P i h Proof. This follows from the same argument as Lemma 3.6.
Definition 3.13. Let ν be any prime. We define v Proof. A slight modification of the proof from the case F = F q implies that the classes
, and P i h 3 0 h 3 , i ≥ 0, are permanent cycles in the Q ν -motivic Adams spectral sequence. The images of these classes under base-change along f : Q ν → Q ν survive in the Q ν -motivic Adams spectral sequence. Therefore they must survive in the Q ν -motivic Adams spectral sequence. Proof. The reductions from the proof of Proposition 3.9 carry over mutatis mutandis.
We split the analysis into three cases. When ν ≡ 1 mod 4, the classes α ∈ {πuτ h 3 h When ν ≡ 3 mod 4 (resp. ν = 2), the only new classes are the ones appearing in the case where ν ≡ 1 mod 4, with πu replaced by πρ (resp. πu replaced by ρ 2 ). The same argument carries through to eliminate these classes.
We have ruled out any classes which could detect 16 in π Proof. The analogous statements hold over every completion Q ν of Q:
• Over R, the statements follow from [28, Sec. 6].
• Over Q ν with ν a prime, the statements follow from Section 3.3. The identification of the relevant elements as (matric) Massey products in Ext * * * Proof. The analogous results hold over every completion Q ν of Q:
(1) Over R, this follows from [28, Sec. 6.3] .
(2) Over Q ν with ν a prime, this follows from Section 3.3.
The result then follows from base-change and the motivic Hasse map. In particular, we see that the induced map from the E 2 -page of the Q-motivic Adams spectral sequenceto the product over all completions of the E 2 -page of the Q ν -motivic Adams spectral sequence is injective in the relevant tridegrees. Since there are no differentials in this range (by base-change and the analogous statements over R and Q ν ), the map in homotopy groups is injective in the relevant bidegrees. The result follows. 4.1. Prime field Mahowald invariants. We begin by computing over prime fields. That is, we compute the F q -Mahowald invariant of 2 i , i ≥ 1, where q > 2 is prime, and the Q-Mahowald invariant of (2 + ρη) i , i ≡ 2, 3 mod 4.
Proof. The proof is analogous to the proof of [28, Thm. 6 .12]; we summarize the necessary changes below.
(1) The isomorphism π
) has the desired form. Base-change along F q → F q and Lemma 2.6 then give the upper bound |M Proof. We follow the same proof idea as above.
(1) Lemma 2.6 applied to the isomorphism π 4.2. F -Mahowald invariants of 2 i . We now apply the base-change functor, Lemma 2.6, and our computations over F q , Q, and C to compute the F -Mahowald invariants of 2 i for any field F of characteristic not two. 
The classes in the F -motivic Adams spectral sequence may be defined by comparison with the ρ-Bockstein spectral sequence in SH(k) and SH(L).
Definition 4.4. Let F be any field as above.
(1) Suppose char(F ) > 2. We define v Proof. Applying Lemma 2.6 shows that
Theorem 4.1 identifies the left-hand side and Theorem 3.1 identifies the right-hand side with |M C (2 i )| which was computed in [27] . These sides agree; the theorem follows.
